Light bound states of heavy fermions  by Kuchiev, Michael Yu. et al.
Physics Letters B 693 (2010) 485–488Contents lists available at ScienceDirect
Physics Letters B
www.elsevier.com/locate/physletb
Light bound states of heavy fermions
Michael Yu. Kuchiev a, Victor V. Flambauma,∗, Edward Shuryak b
a School of Physics, University of New South Wales, Sydney 2052, Australia
b Department of Physics, State University of New York, Stony Brook, NY 11794, USA
a r t i c l e i n f o a b s t r a c t
Article history:
Received 28 April 2010
Received in revised form 23 August 2010
Accepted 31 August 2010
Available online 9 September 2010
Editor: J.-P. Blaizot
Keywords:
Bag model
Heavy fermion
Higgs boson
In the Standard Model, a group of heavy fermions, e.g. top quarks, can collectively strongly affect the
Higgs ﬁeld and create relatively long-lived bound states. If there exist new generations of fermions
with masses beyond 1 TeV, strong binding of several of them can make them lighter than even a
single heavy fermion. Using the mean ﬁeld approximation we ﬁnd multi-fermion states with masses
M ∼ 5v√N ≈ 1.2√N TeV, with N = 2,3, . . . and v = 246 GeV being the total number of heavy fermions
bound together, and the Higgs VEV. These results inspire a hope that the experimental search for
multi-fermions within the range of energies 2–3 Tev would either discover them, or suggest absence
of new Standard Model fermions with larger masses. Possible implications related to multi-top states
and baryonic asymmetry of the Universe are discussed.
© 2010 Elsevier B.V. Open access under CC BY license.The possibility that there may exist new generations of fermi-
ons, leptons and quarks, inspires search for quarks of the forth
generation, see Ref. [1] and references therein. Since masses of
known fermions cover a wide range of energies, one can/should
anticipate that there exist super-heavy fermions, with masses m
beyond 1 Tev. We show that if they exist, their strong interac-
tion with the Higgs ﬁeld produces bound states for several heavy
fermions (called multi-fermions below). The multi-fermion masses
are relatively light, starting from 2–3 Tev for arbitrary large mass of
heavy fermions. There exists therefore an opportunity for detecting
super-heavy fermions via much lighter multi-fermions. This effect
stems from the fact that fermion masses are proportional to the
Higgs ﬁeld. We will see that the Higgs ﬁeld is strongly suppressed
inside the multi-fermion which greatly reduces its mass.
Implications related to strong interaction of fermions with
bosons, in particular with the Higgs, which can modify its VEV,
have been discussed in Refs. [2–15]. There were developed the
MIT-bag [4], SLAC-bag [6], and bag-version of [5]. The Freiburg–
Lee model [9] allows one to consider the MIT and SLAC models
as its limiting cases. Our starting point, as well as the impor-
tant soliton-type object, which appears in our analysis, is close to
that discussed in [9], as well as in a number of mentioned above
works. An advantage of the present work is the analytical solu-
tion, which we ﬁrst derive for a large mass m > v and then verify
its applicability for a wide range of fermion masses and numbers
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Open access under CC BY license.of heavy fermions using numerical analysis. These results provide
clear physical picture of the problem, and give reliable estimates
that may be used in the future for search of multi-fermions. Re-
cently the idea that the quark can modify Higgs in its vicinity was
tested for a single top and topponium [14,15] but only minor ef-
fects were found. Frogatt et al. [16] provided Hydrogen-atom-like
calculations, in which the Higgs mass was neglected. For a system
of N = 12 top quarks (6 top and 6 anti-top for the lowest S1/2
orbital) it was found that binding energy can be large. Our more
accurate mean ﬁeld calculations [17] (see also [18]) indicated that
the binding is nonzero, though small, only in the model approach
in which the Higgs mass is neglected. Account of the Higgs mass,
which is limited by the current experimental bounds, makes this
12 top-antitop system unbound. A recent attempt to obtain the
bound state was done in Ref. [19]. It seems that the qualitative
discrepancy between the results of estimations proposed in [16,
19] and calculations reported in [17,18] makes it necessary to dis-
cuss the possibility of binding or otherwise of 12 top quarks once
again. All just mentioned works used the nonrelativistic treatment
of the problem. The relativistic approach proposed in the present
work provides a new opportunity. We are about to publish a paper
investigating the critical mass of the fermion, which guarantees the
binding.
Using the Standard Model, consider N heavy fermions that
interact with the Higgs ﬁeld. Take the conventional unitary
gauge, in which the Higgs ﬁeld Φ is represented by the real
ﬁeld ξ
Φ = v√
(
0
ξ
)
. (1)2
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for the system of the Higgs and fermion ﬁelds ξ and ψ reads
(h¯ = c = 1)
L = v
2
2
(
∂μξ∂μξ − m
2
H
4
(
ξ2 − 1)2
)
+ ψ¯(iγ μ∂μ −mξ)ψ. (2)
The important feature of the problem is that either (i) the fermion
mass m, or (ii) their number N or (iii) both are presumed large.
In all the cases the impact on the Higgs ﬁeld is strong, shift-
ing its value away from the vacuum VEV. We describe them here
using the mean ﬁeld approximation, though we are aware of ef-
fects due to (weak and strong) gauge ﬁeld forces as well as cor-
rections beyond the mean Higgs ﬁeld, which include many-body,
recoil, relativistic retardation and radiative effects, which would
be addressed elsewhere. The magnitude of these corrections is
different for cases (i)–(iii) because of their different nature and
depends on various parameters such as v/m, mH/m, and 1/N .
The case of large N > 6 (many top quarks) needs, in particu-
lar, an extensive discussion, as many levels are occupied subse-
quently.
Adopting this approach we replace the ﬁelds in Eq. (2) by
stationary wave functions ξ for the Higgs and ψ for the single-
particle wave functions of fermions. Searching for the spherically
symmetrical solution, take ξ = ξ(r) and assume that all fermions
occupy the same shell with total and angular momenta j and l,
which is described by the same large F (r) and small G(r) compo-
nents of the Dirac spinor. Using Eq. (2) one writes the Hamiltonian
H of the system
H =
∞∫
0
[
v2
2
(
ξ ′2 + 1
4
m2H
(
ξ2 − 1)2
)(
4πr2
)
+ N
(
2
(
F ′ + 
r
F
)
G +mξ(F 2 − G2)
)]
dr. (3)
Here  = ±( j + 1/2) for l = j ± 1/2, and normalization ∫∞0 (F 2 +
G2)dr = 1 is taken. From Eq. (3) one derives the mean-ﬁeld equa-
tions for ξ, F ,G
ξ ′′ + 2
r
ξ ′ + m
2
H
2
ξ
(
1− ξ2)= (N − 1)m
4π v2
F 2 − G2
r2
, (4)
(ε −mξ)F = −G ′ + (/r)G, (5)
(ε +mξ)G = F ′ + (/r)F , (6)
where the eigenvalue ε is presumed positive. There are known
fermion states with negative energy, as the ones produced by su-
perheavy nuclei for electrons, but we do not encounter such states
here.
It is interesting that the system considered reacts to the pres-
ence of the large fermion mass in such a way as to eradicate its
inﬂuence on its physical parameters. This phenomenon employs
three steps. Firstly, the Higgs develops a node on a sphere of ra-
dius r0, ξ(r0) = 0, so that it is positive outside the sphere, taking
at large distances the classical value ξ = 1, but is negative inside.
Secondly, the fermions use this node of the Higgs as an opportu-
nity to be localized in its vicinity, on the surface of the sphere, so
that their density inside the sphere is low (hollow sphere). As a re-
sult the term mξ in Eqs. (5), (6) is suppressed. Thirdly, the fermion
wave function is tuned to satisfy F 2(r)  G2(r), which eliminates
the term ∼ m from Eq. (4). Thus, the described conﬁguration of
ﬁelds suppresses m everywhere in Eqs. (4)–(6) including the right-
hand side of (4) as well as left-hand sides of (5) and (6).
To justify this physical picture analytically consider the large
fermion mass, m 	 v . Assume that some smooth function ξ(r),Fig. 1. Thick and dotted lines — large component F (r) of the Dirac spinor numer-
ically and analytically, thin and double-dotted lines — same for small component
G(r), slashed and slash-dotted lines — same for Higgs ξ(r); numerical data — from
solution of Eqs. (4)–(6), analytical data for fermions from Eqs. (5)–(9), (11), analyti-
cal ξ(r) is found from the minimization of H in (13) as explained in the text.
which has a node at r0, is given. Search for the solution of the
Dirac equation in the form
F (r) = A(r)exp(−S(r)), (7)
G(r) = B(r)exp(−S(r)), (8)
S(r) =m
r∫
r0
ξ
(
r′
)
dr′  1
2
mξ ′(r0)(r − r0)2. (9)
The large mass m here favors localization of F (r) and G(r) in the
vicinity of r0, which justiﬁes the last identity in (9). From (5)–(9)
one ﬁnds equations on A, B . To verify that A and B are smooth
functions of r in the vicinity of r = r0 (which guarantees that
fermions are localized near r = r0) we expand the coeﬃcient func-
tions /r and ξ(r) in (5)–(6) in powers of r − r0, taking ﬁrst the
lowest-order approximation /r ≈ /r0, ξ(r) ≈ ξ ′(r0)(r − r0). Then
one ﬁnds the eigenvalue
ε = −/r0 = ( j + 1/2)/r0 > 0, (10)
which does not grow with increase of m, and is positive pro-
vided  < 0. The corresponding functions A(r), B(r) turn constants,
A(r) = −B(r) = const. Normalizing them using Eqs. (7)–(9) we ﬁnd
A = −B = [mξ ′(r0)/4π]1/4. (11)
Using higher-order expansion for /r and ξ(r) in powers of r − r0
we veriﬁed that Eqs. (10) and (11) remain valid for m 	 v . Thus,
Eqs. (7)–(11) give analytical solution of the Dirac equations (5), (6)
when m > v . Fig. 1 shows good agreement of the found analytical
wave functions with results of numerical calculations discussed in
more detail below.
Using the found eigenvalue (10) of the Dirac equation we can
simplify the Hamiltonian in Eq. (3), where the term in the second
line equals Nε = N||/r0. It is convenient at this stage to scale
distances by the Higgs mass, r → x = mHr, and present H in the
form
H = v
2
mH
H, (12)
H = 4π
∞∫
x0
(
ξ ′2
2
+ 1
4
(
ξ2 − 1)2
)
x2 dx+ z
x0
. (13)
Here ξ = ξ(x), ξ ′ = dξ/dx, and x0 = mHr0 > 0 is the node,
ξ(x0) = 0. The second term in Eq. (13), in which
z = −Nm2H/v2 > 0, (14)
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via the dimensionless quantities, H(z) and z from Eqs. (15), (14).
reproduces the second term from Eq. (3), which equals Nε (as was
mentioned). The integration in Eq. (13) neglects the contribution
of distances x < x0. This approximation proves convenient and at
the same time accurate since ξ is small and smooth for x < x0,
while the factor x2 in the integrand produces strong suppression
compared to the outer region x > x0. This is valid provided x0 is
not extremely large, say x0 < 50, which is certainly the case for all
numerical examples discussed in the present work.
The energy H of the system is presented in Eqs. (12), (13) as a
functional of ξ(x). Finding its minimum we derive the ﬁnal answer
to the multi-fermion problem in terms of simple, dimensionless
quantities H and z. To ﬁnd this minimum we minimized ﬁrstly
H over ξ(x) keeping the node x0 ﬁxed. This required solution of
the boundary problem, ξ ′′ + (2/x)ξ ′ + ξ(1 − ξ2)/2 = 0, ξ(x0) = 0,
ξ(∞) = 1. The result found for H was consequently minimized
over x0. The outcome is the function H = H(z), which we calcu-
lated numerically, depicting result in Fig. 2 in terms of the etalon
function h(z), which is related to H(z) via
H(z) = 2(2π z)1/2(1+ h(z)). (15)
The ﬁrst factor here equals the lowest term of the expansion of
H(z) in powers of z1/2, H(z) → 2(2π z)1/2 + O (z) (with x0 →
[z/(2π)]1/2), indicating that h(0) = 0. It can be shown that h(z)
reveals the asymptotic behavior h(z) ∼ z1/6 for z → ∞, but within
a wide range of z the function h(z) remains small, h(z)  1, see
Fig. 2. From Eqs. (12)–(15) we derive the analytic expression for
the total mass Ma of the system of N heavy fermions, which com-
pose the multi-fermion
Ma = 2
(
2πN||)1/2v[1+ h(N||m2H/v2)]. (16)
Here the term ∼ h(z) remains small for a wide range of val-
ues of N, j and mH, see Fig. 2. Consequently, the scale of multi-
fermion masses is deﬁned mainly by the Higgs vacuum expec-
tation value v = 246 Gev, which gives Ma ≈ 5.01(N||)1/2v =
1.23(N||)1/2 Tev.
Consider numerical solution of the self-consistent mean ﬁeld
Eqs. (4)–(6). Proper formulation of this problem includes bound-
ary conditions, which for fermions have the conventional form,
whereas for the Higgs ﬁeld they read
ξ ′(0) = 0, ξ(∞) = 1. (17)
The ﬁrst one suppresses the singularity in the term (2/r)ξ ′ in
Eq. (4) at r = 0. In linear equations this singularity is harmless, it
is eliminated by the conventional scaling of the function by ∼ 1/r
factor. For nonlinear equations this, and others tricks do not work,
the singularity persists making ξ(0) singular. The ﬁrst condition in
(17) removes this nuisance, allowing ξ(0) to be ﬁnite, as it should
be from the physical point of view.Fig. 3. Masses of multi-fermions M vs heavy fermion mass m, M is scaled by Ma
from Eq. (16). Solid, dashed, dashed-dotted, and dotted lines — N = 2,3,6, and 12
respectively, j = 1/2, l = 0, mH = 100 Gev.
Our numerical calculations were performed taking mH =
100 Gev for j = 1/2, l = 0, N = 2,3,6 and 12. (If fermions and
antifermions are present in one bound state, then their virtual
annihilation can make the attraction between them stronger and
reduce masses of multi-fermions, as it follows from the perturba-
tion theory. However, for simplicity we neglect this effect here.)
Fig. 1 shows wave functions for N = 3 and m = 10 Tev. The
found good agreement between the analytical results and those
obtained from direct numerical approach conﬁrms their validity.
It is important to emphasise the main point. To reduce the to-
tal mass of the bag of fermions the Higgs ﬁeld develops the node
on the sphere, see Fig. 1. Obviously this fact makes the energy of
the Higgs ﬁeld only higher. However, at the same time the node
provides an opportunity for fermions to be localized somewhere
in its vicinity, where the Higgs is suppressed. The small value of
the Higgs ﬁeld in this region drastically reduces the single parti-
cle eigenvalue ε in comparison with the mass of a free fermion,
which interacts with full VEV of the Higgs ﬁeld. The point is that
the resulting total energy of the system, which includes fermions
and the Higgs ﬁeld, proves to be smaller than the total mass of
free fermions.
The smallness of the mass of multi-fermions is illustrated in
Fig. 3, which shows their total mass M for different N and m.
Our direct numerical calculations of the mass was made with the
help of Eq. (3), in which the wave functions were found from so-
lution of Eqs. (4)–(6). The numerically found values of the mass
are presented in Fig. 3 as a ratio M/Ma , where Ma is the ana-
lytical estimate (16). In the region of small m the multi-fermion
mass M falls, and for suﬃciently small m the bound state dis-
appears. With the decrease of the fermion mass the node of the
Higgs ﬁeld is gradually shifted to the origin, and then with further
decrease of the mass disappears. After that, with further decrease
of the mass, the value of the Higgs ﬁeld inside the multi-fermion
remains smaller than its vacuum expectation value, but rises with
the reduction of the fermion mass. Overall, these phenomena are
responsible for the sharp variation of the curves in Fig. 3. We ver-
iﬁed numerically that in this region our results comply with the
non-relativistic calculations of our Ref. [17], as well as with [18].
With increase of the fermions mass m the scaled mass of the
multi-fermion M/Ma shows a smooth maximum, after which it
decreases, revealing a tendency to converge to the analytical re-
sult (16). Fig. 3 shows that for a wide area of variation of m and
N the masses of multi-fermions are close to the analytical pre-
dictions of Eq. (16). Remarkably, the multi-fermion masses found
in Eq. (16) do not grow with an increase of the heavy fermion
mass m. For j = 1/2 Eq. (16) predicts masses 1.7 × K2 Tev where
1.06 < K2 < 1.17 and 2.1 × K3 Tev where 1.07 < K3 < 1.21 for
multi-fermions constructed from two and three heavy fermions
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duced by the second term in the brackets in Eq. (16), when the
Higgs mass spans the interval 100–300 Gev. Fig. 3 shows that if
the fermion mass m is not very large, then the masses of multi-
fermions are slightly larger, by up to 25%.
Assessing the accuracy of these results one should keep in mind
errors related to the several mentioned previously phenomena,
which are neglected in the considered approximation. An impor-
tant contribution may be due to the radiative corrections. Previous
calculations, see [20–23], showed that they are able to produce
strong repulsion between the fermions. One should keep in mind
though that these works took into account only a particular class
of the radiative corrections, which can be presented via the scat-
tering amplitudes of the scalar ﬁeld interacting with the deformed
Higgs ﬁeld and the multi-fermion. However, these corrections do
not exhaust the full class of relevant radiative processes since they
do not take into account the dynamic virtual excitations of the
multi-fermion, which should not be small. Consequently, further
studies of the role, which the radiative corrections play in the
problem, are desirable.
For possible experimental applications it is interesting that for
a small number of heavy fermions, N = 2,3, the masses of multi-
fermions belong to the interval of energies of 2–3 Tev. This is
in contrast to heavy fermions themselves, whose masses may be
larger. This fact provides an opportunity for hunting for super
heavy fermions indirectly, via discovery of relatively light multi-
fermions. A closely connected topic is related to bubbles made of
a large number of top-quarks, or other heavy fermions (or bosons
like Z ,W ). Note that the derivative dM/dN for the multi-fermion
decreases with N . This means that the lifetime for the weak decay
of a single fermion inside the bubble increases fast with N be-
cause of decrease of the released energy M(N) − M(N − 1). This
makes “magic” multi-fermions with complete or nearly complete
1s,2p3/2, . . . shells relatively long-lived states. Note that for a very
large N the summation over occupied shells can be carried out
analytically and may be expressed via the following redeﬁnition of
the parameter z in Eq. (13), z ≈ (2/3)N3/2N−1/2c m2H/v2 where Nc
is the number of different types of fermions involved (e.g. 3 colors
for quarks). Then the mass is given by Eqs. (12), (15).
Another intriguing implication is related to the baryonic asym-
metry created during the Big Bang. Although in principle all
Sakharov conditions are satisﬁed in the Standard Model, numeri-
cally they are extremely restrictive. Nevertheless, as near the elec-troweak phase transition the bubbles with different values of the
Higgs ﬁeld are created, the top (and possibly heavier) quarks get
bound to the zero-Higgs surfaces, leading to long-lived states and
large local deviations from thermal equilibrium. This effect may
substitute for the “bubble walls” (much discussed in literature
when the 1st order phase transition was still an option). The CP vi-
olation and baryon number asymmetry in the decay of these states
presents an appealing problem worth studying.
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